Analytical Approach for Linear Programming Using Barrier and Penalty Function Methods by Moengin, Parwadi
 
 
 
 
 
 
UNIVERSITI PUTRA MALAYSIA 
 
 
 
 
 
 
ANALYTICAL APPROACH FOR LINEAR PROGRAMMING USING 
BARRIER AND PENALTY FUNCTION METHODS 
 
 
 
 
 
 
 
 
PARWADI MOENGIN 
 
 
 
 
 
 
 
 
 
FSAS 2003 35 
ANALYTICAL APPROACH FOR LINEAR PROGR.AMMDfG USING 
BARRIER AND PENALTY FUNCTION METHODS 
By 
PARWADI MOEJfGIN 
Thesis Submitted to the School of Graduate Studies, 
Universiti Putra Malaysia, in Fulfilment of the Requirements 
for the Degree of Doctor of Phllosophy 
September 2003 
TO MY PARENTS 
MY WIFE ENDANG SETIOWATI 
MY SONS DITO RAMADBANI & 
VITO RIHALDIJIRAN 
11 
Abstract of thesis presented to the Senate of Universiti Putra 
Malaysia in fulfilment of the requirements for the degree of 
Doctor of Philosophy. 
ANALYTICAL APPROACH FOR LIIfEAR PROGRA.J4MJJTG USING 
BARRIER AND PENALTY FUNCTION METHODS 
By 
PARWADI MOENGIN 
September 2003 
Chairman : Associate Professor Noor Akma Ibrahim, Ph.D 
Faculty : Science and Environmental Studies 
In order to solve the primal linear programming problems (and its 
dual) some methods have been used such as simplex method, 
geometric approach and interior points methods. None of these 
methods used Lagrangian function as a tool to solve the problem. 
This raises a question why are we not using this to solve the linear 
programming problems. Thus, in this research we study and 
analyze how the behavior and performance of barrier functions and 
penalty functions methods for solving the linear programming 
problems. All of these functions are in Lagrangian form. 
With logarithmic barrier function methods we introduce three 
types of function; that is, primal logarithmic, dual logarithmic and 
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primal-dual logarithmic functions. There are two mam results 
obtained from the logarithmic function method. First, we prove 
that for every value of the barrier parameter, the logarithmic 
barrier function for the problem has a unique minimizer; and then 
if the sequence of the values of barrier parameters tends to zero, 
then the sequence of the minimizers converges to a minimizer of 
the problem. From these properties, we construct an algorithm for 
solving the problem using the logarithmic barrier function 
methods. Second, we give the equivalences between the interior 
points set, the primal logarithmic barrier function, the dual 
logarithmic barrier function, the primal-dual logarithmic barrier 
function and the system of linear equations associated with these 
functions. 
In this research we also investigate the behavior and performance 
of the penalty function methods for linear programming problems. 
It includes polynomial penalty functions (such as primal penalty 
and dual penalty functions) and exponential penalty function 
methods. The main result of these methods is that, we can solve 
the problem by taking a sequence of values of the penalty 
parameters that tends to infinity; and then the sequence of the 
minimizers of the penalty functions associated with the value of 
penalty parameter will tend to the minimizer for the problem. 
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With this, we can formulate an algorithm for solving the problem 
using penalty function methods. The study also includes the 
exponential barrier function. The result obtained is similar with the 
result of the exponential penalty function methods. 
In this research we also investigate the higher-order derivatives of 
the linear programming and the system of linear equations 
associated with the problem. From this method we are able and 
successful in formulating an algorithm for solving the problem. 
Finally, in this research we give an analysis of sensitivity for the 
linear programming using interior point approach introduced by 
Kannarkar and using logarithmic barrier function. It encompasses 
cases of changing the right-hand sides of the constrained, 
changing the cost vector of the objective function, upper bounds, 
lower bounds of variables and ranges of the constraints. 
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Sagi menyelesaikan masalah pengaturcaraan linear primal (dan 
juga masalah dualnya) beberapa kaedah telah digunakan seperti 
kaedah simpleks, pendekatan geometri dan kaedah titik 
pedalaman. Tidak ada satupun kaedah terse but yang 
menggunakan fungsi Lagrange sebagai alat untuk menyelesaikan 
masalah ini. Hal ini menimbulkan persoalan mengapa kita tidak 
menggunakannya untuk menyelesaikan masalah ini. Di dalam 
penyelidikan ini kami mengkaji dan menganalisis bagaimana 
perilaku dan pencapaian kaedah-kaedah fungsi sawar dan fungsi 
penalti untuk menyelesaikan masalah pengaturcaraan linear. 
Semua fungsi tersebut adalah dalam bentuk fungsi Lagrange. 
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Dengan kaedah fungsi sawar logaritma, karni memperkenalkan 
tiga jenis fungsi; iaitu, fungsi logaritma primal, fungsi logaritma 
dual dan fungsi logaritma primal-dual. Ada dua keputusan utama 
yang membabitkan kaedah fungsi sawar logaritma. Pertama, kami 
membuktikan bahawa setiap nilai parameter sawar, fungsi sawar 
logaritma bagi masalah ini mempunyai peminimum tunggal; dan 
kemudian jika siri nilai-nilai parameter sawar menumpu ke sifar, 
maka siri peminimum tersebut akan menumpu kepada 
peminimum masalah tersebut. Daripada sifat ini, kami membina 
suatu algoritma untuk menyelesaikan masalah tersebut 
menggunakan kaedah fungsi sawar logaritma. Kedua, kami 
memberikan kesetaraan diantara kumpulan titik-titik pedalaman, 
fungsi sawar logaritma primal, fungsi sawar logaritma dual, fungsi 
sawar logaritma primal-dual dan sistem persamaan linear yang 
berkaitan dengan fungsi-fungsi ini. 
Di dalam penyelidikan ini kami juga mengkaji perilaku dan 
pencapaian dari kaedah-kaedah fungsi penalti bagi 
pengaturcaraan linear. Ini melibatkan fungsi-fungsi penalti 
polinomial (seperti fungsi penalti primal dan fungsi penalti dual) 
dan kaedah-kaedah fungsi penalti eksponen. Keputusan utama 
yang berkaitan dengan kaedah ini diberikan, iaitu, kami boleh 
menyelesaikan masalah tersebut dengan mengambil suatu sirl 
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daripada nilai parameter penalti yang menumpu ke infiniti; dan 
kemudian siri peminimum daripada fungsi penalti yang berkaitan 
dengan parameter penalti ini, akan menumpu ke peminimum 
masalah terse but. Dengan demikian kami boleh merumuskan 
suatu algoritma untuk menyelesaikan masalah terse but 
menggunakan kaedah fungsi penalti. Kajian ini juga melibatkan 
fungsi sawar eksponen. Keputusan yang diperoleh adalah serupa 
dengan keputusan daripada kaedah fungsi penalti eksponen. 
Dalam penyelidikan ini kami juga mengkaji terbitan peringkat­
tinggi bagi pengaturcaraan linear dan sistem persamaan linear 
yang berkaitan dengan masalah tersebut. Keputusan utama yang 
melibatkan kaedah ini adalah bahawa kami beIjaya merumuskan 
suatu algoritma untuk menyelesaikan masalah pengaturcaraan 
linear. 
Akhirnya, di dalam penyelidikan ini kami memberikan suatu 
analisis sensitiviti bagi pengaturcaraan linear menggunakan 
pendekatan titik pedalaman Karmarkar dan fungsi sawar 
logaritma. Ini merangkumi kes-kes mengubah ruas-kanan 
kekangan, mengubah vektor kos fungsi matiamat, batas atas dan 
batas bawah bagi pembolehubah, dan julat daripada kekangan. 
YIll 
ACKNOWLEDGEMENTS 
Firstly, praise be to God, for giving me the strength and patient to 
complete this work. I would like to thank my supervisor Associate 
Professor Noor Akma Ibrahim, Ph.D for the excellent supervision, 
invaluable guidance, helpful discussions and continuous 
encouragement, without which this work could not be finished. My 
thanks also to the members of my supervisory committee, 
Professor Ismail Bin Mohd, Ph.D and Mansor Bin Monsi, Ph.D for 
their invaluable discussions, comments and help. I also would like 
to thank the Independent Examiner of my thesis Associate 
Professor Noor Hasnah Moin, Ph.D of University of Malaya for her 
comments and help. 
I wish to express my thanks to all my friends in Malaysia and 
Indonesia. 
Financial support was provided by Trisakti University Jakarta, 
which is highly appreciated and gratefully acknowledged. 
IX 
I certify that an Examination Committee met on 22 September 2003 
to conduct the final examination of pazwadi Moengin, on his Doctor of 
Philosophy thesis entitled "Analytical Approach for Linear Programming 
Using Barrier and Penalty Function Methods" in accordance with 
Universiti Pertanian Malaysia (Higher Degree) Act 1980 and Universiti 
Pertanian Malaysia (Higher Degree) Regulations 1981. The Committee 
recommends that the candidate be awarded the relevant degree. 
Members of the Examination Committee are as follows: 
Malik Abu Hasan, Ph.D 
Associate Professor, 
Faculty of Science and Environmental Studies 
Universiti Putra Malaysia 
(Chairman) 
Noor Alana Ibrahim, Ph.D 
Associate Professor, 
Faculty of Science and Environmental Studies 
Universiti Putra Malaysia 
(Member) 
Mansor Bin MODSI , Ph.D 
Senior Lecturer, 
Faculty of Science and Environmental Studies 
Universiti Putra Malaysia 
(Member) 
Ismail Bin Mohd , Ph.D 
Professor, 
Faculty of Science and Technology 
Kolej Universiti Sains Dan Teknologi Malaysia 
(Member) 
Noor Hasnah Mom, Ph.D 
Associate Professor, 
Institute of Mathematics Science 
University of Malaya 
(Independent Examiner) 
��IUOn. ALI, Ph.D, 
Date: 0 4 DEC 2003 
x 
This thesis submitted to the Senate of Universiti Putra Malaysia 
has been accepted as fulfilment of the requirements for the degree 
of Doctor of Philosophy_ The members of the Supervisory 
Committee are as follows: 
Noor Akma Ibrahim, Ph.D 
Associate Professor, 
Faculty of Science and Environmental Studies 
Universiti Putra Malaysia 
(Chairman) 
Mansor Bin Monsi , Ph.D 
Senior Lecturer, 
Faculty of Science aild Environmental Studies 
Universiti Putra Malaysia 
(Member) 
Ismail Bin Mohd , Ph.D 
Professor, 
Faculty of Science and Technology 
Kolej Universiti Sains Dan Teknologi Malaysia 
(Member) 
Xl 
AlIfI mERlS, Ph.D, 
Professor jDean 
School of Graduate Studies 
Universiti Putra Malaysia 
Date: e �"" �o+ 
DECLARATION 
I hereby declare that the thesis is based on my original work except 
for quotations and citations which have been acknowledged. I also 
declare that it has not been previously or concurrently submitted 
for any other degree at UPM or other institutions. 
PARWADI MOENGIN 
Date: 22 September 2003 
xu 
TABLE OF CONTENTS 
DEDICATION 
ABSTACT 
ABSTRAK 
ACKNOWLEDGEMENTS 
APPROVAL SHEETS 
DECLARATION FORM 
TABLE OF CONTENTS 
LIST OF TABLES 
LIST OF FIGURES 
LIST OF NOTATIONS 
CHAPTER 
I INTRODUCTION 
General Overview 
Chapter Overview 
State of the Problem, Notations and Assumptions 
Some Key Words and Defmitions 
Purpose and Scope of the Thesis 
II THE WGARITHMIC BARRIER FUNCTION METHODS 
Chapter Overview 
The logarithmic Barrier Function 
The Concept of the Logarithmic Barner Function 
The Primal Logarithmic Barrier Function 
The Primal Multiplier Logarithmic Barner Function 
The Dual Logarithmic Barrier Function 
The Primal-Dual Logarithmic Barrier Function 
Conclusion 
III THE POLYNOMIAL PENALTY FUNCTION METHODS 
Chapter Overview 
The Primal Polynomial Penalty Function 
The Dual Polynomial Penalty Function 
Conclusion 
XUI 
PAGE 
U 
111 
VI 
IX 
X 
xu 
X111 
XVI 
XVll 
XVIU 
1 
1 
25 
26 
29 
35 
37 
37 
37 
37 
41 
65 
68 
75 
80 
81 
81 
81 
93 
97 
IV THE EXPONENTIAL FUNCTION METHODS 98 
Chapter Overview 98 
The Exponential Penalty Function 98 
The Exponential Barrier Function 107 
Logarithmic-Exponential Function 1 1 0  
The Concept 1 1 0  
The Function 11 1 
Conclusion 1 19 
V DERIVATIVES OF PRIMAL-DUAL LINEAR 
PROGRAMMING 120 
Chapter Overview 1 20 
The Primal Newton Barrier Method 1 20 
The Primal-Dual Newton Barrier Method 123 
Higher-Order Derivatives in Linear Programming 1 25 
Conclusion 1 35 
VI THE SYSTEM OF LINEAR EQUATIONS METHOD 1 36 
Chapter Overview 1 36 
Introduction 136 
The System of Linear Equations 138 
Free Variable and Infeasibility of Linear Programming 140 
Conclusion 1 44 
VII ANALYSIS OF SENSITIVITY 145 
Chapter Overview 1 45 
Interior Point Approach 145 
Case .1.c � 0 1 53 
Upper Bounds 1 60 
Upper and Lower Bounds 1 68 
Bounds and Ranges 172 
Conclusion 1 76 
VIII COMPUTATIONAL RESULTS AND DISCUSSION 1 77 
Chapter Overview 1 77 
Computational Results 177 
Discussion 1 89 
Conclusion 196 
IX CONCLUSIONS AND SUGGESTIONS FOR 
FURTHER RESEARCH 1 97 
Conclusions 1 97 
Suggestions for Further Research 200 
XlV 
REFERENCES 
APPENDICES 
Al CONVEXITY 
A2 CLASSICAL OPTIMIZATION METHODS 
A3 LINEAR PROGRAMMING TEST PROBLEMS 
A4 INTERIOR-POINT ALGORITHM 
BIODATA OF THE AUTHOR 
xv 
202 
21 0 
21 9 
222 
231 
233 
LIST OF TABLES 
Table Page 
8.1 Linear Programming test problems statistics ........ ... 180 
8.2 Algorithm 2.1, Algorithm 3.1(p = 2), Algorithm 3.1 
(p = 4) and Karmarkar's Algorithm test statistics ...... 181 
8.3 Comparison of time per iteration for four 
algorithms. . . . . . . . . . . . . . .. . . . . . . . . . . . . . . .. .. . . . . . . . . . . .. . .. ... .. . . . . . . .. 182 
8.4 Comparison of run time ratios for the three 
algorithms with respect to Karmarkar's 
algorithm.. ........ .. ...... . ........ .. ...... . .......... .. ...... . . . ...... 183 
8.5 Comparison of total iteration ratios for the three 
algorithms with respect to Karmarkar's algorithm..... 184 
8.6 Comparison of time per iteration ratios for the three 
algorithms with respect to Karmarkar's algorithm ... . 185 
XVI 
LIST OF FIGURES 
Figure Page 
2.1 The logarithmic barrier function.......................... 35 
3.1 The quadratic penalty function for p = 2............... 83 
3.2 The polynomial penalty function for p = 4............. 83 
3.3 The polynomial penalty function for p = 6............. 84 
4.1 The exponential penalty function......................... 100 
4.2 The exponential barrier function.......................... 108 
8.1 Algorithm 2.1, Algorithm 3.1(p = 2), Algorithm 
3.1(p = 4) and Kannarkar's Algorithm execution 
times (CPU times)........... .. ....... .............. . ........... .  186 
8.2 Algorithm 2.1, Algorithm 3.1(p = 2), Algorithm 
3.1(p = 4) and Karmarkar's Algorithm total 
iterations ... .... .... '" .... '" ... " ................................. 186 
8.3 Algorithm 2.1, Algorithm 3.1(p = 2), Algorithm 
3.1(p = 4) and Kannarkar's Algorithm time per 
iteration ............... ......... '" . . ..... ....... . . ....... .. . . . . . . . . . . 187 
8.4 Time ratios of Algorithm 2.1, Algorithm 3.1(p = 2), 
and Algorithm 3.1(p = 4) with respect to 
Karmarkar's Algorithm........................................ 187 
8.S Iteration ratios of Algorithm 2.1, Algorithm 3.1(p = 
2), and Algorithm 3.1(p = 4) with respect to 
Karmarkar's Algorithm-LP test problems.............. 188 
8.6 Time per iteration ratios of Algorithm 2.1, 
Algorithm 3.1(p = 2), and Algorithm 3.1(p = 4) with 
respect to Karrnarkar's Algorithm......................... 188 
xvii 
LIST OF NOTATIONS 
The following notations will be used in this thesis: 
Set Notation 
E is an element of 
is not an element of 
the empty set 
u unIOn 
intersection 
is a subset of 
is a superset of 
R the set of real numbers 
the set of positive real numbers 
bnd(D) the boundary of set D 
the region feasible of primal linear 
programming 
the region feasible of dual linear 
programming 
the (relative) interior set of Fp 
the (relative) interior set of Fd 
XVlll 
F* p the minimizers set of primal linear 
programming 
F* d the maxImIZers set of dual linear 
programmmg 
F the feasible region of primal-dual problem 
the (relative) interior set of F 
the a-level set of Fp 
the a-level set of Fd 
F{a) the a-level set of F 
Miscellaneous Symbols 
= is equal to 
is not equal to 
- is identical to or is congruent to 
< is less than 
� is less than or equal to 
> is greater than 
� is greater than or equal to 
00 infinity 
n 
Iai at +a2 + ... +an i",l 
lal the modulus of a 
XIX 
!lxll 
Ilxt 
(.,.), 11·11 
f* 
cr 
e 
Vectors 
the vectors 
the transpose of vector c 
the dot product of vectors c and x 
the Euclidean norm of vector x 
the Euclidean scalar product 
the minimizer of primal 
programmIng 
linear 
the minimum value of primal linear 
programmmg 
a barrier parameter 
a penalty parameter 
a decreasing sequence of positive barrier 
parameters 
an increasing sequence of positive barrier 
parameters 
unit vector 
the value of x at the parameter /J. 
the unconstrained minimizers set 
corresponding with barrier parameter /J. 
xx 
A 
x 
Ax 
rank (A) 
the unconstrained minimizers 
corresponding with penalty parameter (J 
Matrices 
a matrix A 
the ith row vector of matrix A 
the inverse of the matrix A 
is equal to (A -1)2 
the transpose of the matrix A 
n x n diagonal matrix with elements Xi 
set 
I 
n x n diagonal matrix with elements (Xi P: 
increment of X 
the set of all column vectors n x 1 with 
elements in R 
the set of all positive column vectors n x 1 
with elements in R 
the set of all matrices m x n with elements 
in R 
the product of matrix A and vector X 
the rank of matrix A 
XX1 
Functions 
[( x) the value of the function [at x 
eX, exp( x) exponential function of x 
ln x natural logarithm of x 
g(t) � 00 g(t) tends to infinity 
lim [( x) the limit of [( x) as x tends to a 
x--+a 
L( x, f.L) Lagrangian function 
B,( x, f.L) the primal logarithm barrier function 
VB,( x, f.L) the gradient of B, ( x, f.L) 
the Hessian of B, ( x, f.L) 
min B,( x,f.L) 
x�o 
the alternative primal logarithmic barrier 
function 
the multiplier primal logarithmic barrier 
function 
the dual logarithmic barrier function 
the primal-dual logarithmic barrier 
function 
P( x, a) the primal polynomial penalty function 
XXII 
the dual polynomial penalty function 
E(x, a) the primal exponential penalty function 
the primal exponential barrier function 
minP(x,a) 
x�o 
min {p(x,a)/x E R", x � oj 
xxiii 
CHAPTER I 
INTRODUCTION 
General Overview 
The purpose of the mathematical programming, a branch of the 
optimization, is to minimize (or maximize) a function of several 
variables under a set of constraints. This is a very important 
problem arising in many real-world situations such as cost or 
duration minimization. 
Linear programming means that we discuss about the function to 
be optimized whereby its associated set of constraints are linear. 
The simplex algorithm, first developed by Dantzig in 1 947, is a very 
efficient method to solve this class of problems (Singiresu, 1 996). It 
has been studied and improved since its first appearance, and is 
now widely used in commercial software to solve a great variety of 
problems such as production planning, transportation and 
scheduling (Singiresu, 1 996). 
However, an article by Kannarkar (Barnes, 1 986; Ariayawansa et 
al., 2001 ) introduced in 1 984 a new class of methods called interior 
point methods. Most of the ideas underlying these new methods 
originate from nonlinear optimization domain. These methods are 
